We show that a quantum dot in the fractional Hall regime exhibits mesoscopic magnetic oscillations with a period which is a multiple of the period for free electrons. Our calculations are performed for parabolic quantum dots with hard-core electron-electron interactions and are exact in the strong field limit for k B T smaller than the fractional Hall gap. Explicit expressions are given for the temperature dependence of the amplitude of the oscillations.
Advances in nanofabrication technology have made it possible to realize artificial systems in which electrons are confined to a small area within a two-dimensional electron gas. There has been considerable interest in the physics of electron-electron and electronhole interactions in these 'quantum dot' systems 1 . Recent experiments have demonstrated the possibility of probing their properties in the regimes of the integer 2 and fractional 3 quantum Hall effects 4 . The quantum Hall effect occurs whenever a system has a chemical potential discontinuity in the thermodynamic limit at a magnetic field dependent density.
The fractional Hall gaps occur because of electron-electron interactions. Their microscopic origin is understood in some detail and that understanding is exploited here to discuss the thermodynamic properties of parabolic quantum dot systems in the fractional quantum Hall regime. Our calculations are exact within the hard-core model 5, 6 which may be considered as an ideal model of the fractional quantum Hall effect. We show that in the regime where the electronic ground state of the dot is the Laughlin 7 state which occurs at filling factor ν = 1/m in the bulk, all thermodynamic properties of electrons in the dot have a component which is periodic in the magnetic flux through the area of the dot with period mΦ 0 . (Here Φ 0 ≡ hc/e is the electronic magnetic flux quantum.)
We consider a system of electrons in contact with a particle reservoir with chemical potential µ and confined to a finite area of a two dimensional electron gas by a parabolic potential, V (r) = 1 2 mΩ 2 r 2 . We measure the chemical potential with respect to the twodimensional subband energy and define a nominal radius, R, for the quantum dot system in terms of the radius where the parabolic confining potential equals the amount by which the chemical potential exceeds the quantized kinetic energy of the lowest Landau level; Many-fermion states in the lowest Landau level may be described in a boson language 8, 9 which will prove useful in the fractional Hall regime. The mapping between boson and fermion descriptions can be understood in terms of a useful property of many-fermion wavefunctions within the lowest Landau level. Any many-fermion wavefunction in this level may be expressed in the form
where P [z] is an antisymmetric polynomial. Since P [z] must vanish whenever any two coordinates are identical it follows that
where Q[z] is a symmetric polynomial. The fractional quantum Hall effect is related to the existence of classes of low-energy many-body states where the probability amplitude to find any pair of electrons in a state of relative-angular-momentum less than m is identically zero. States in these classes have wavefunctions of the form
In the bulk such states exist only 10, 8, 11 
As we show below many properties of an ideal parabolic quantum dot in the integer or fractional quantum Hall regimes can be expressed in terms of g(N, M B ).
We evaluate g(N, M B ) using an iterative procedure in which single-particle angular 
. In 
As shown in Fig.[1] , for large M s(M ) ∼ 2/3πM 1/2 ∼ 2.5650997M 1/2 with logarithmic corrections. This result can be obtained by comparing the mean values of the total boson momentum calculated from the two forms for the right-hand side of Eq. (6) in the limit of large k and high temperatures. In this limit, ln Z B → π 2 /(6βγ).
To evaluate thermodynamic properties of the quantum dot we need only note that the energy of a fermion state in the class specified by Eq. (3) is determined by the total number of electrons and the total angular momentum:
It follows that the grand partition function for the dot is given by
where
β = 1/(k B T ), and
N φ is the number of flux quanta passing through the nominal area of the dot. Thermodynamic mean values of any quantity f expressible in terms of M F or N are now easily evaluated:
In Fig.[2] we show plots of the N φ dependence 13 of the magnetization of the dot for m = 1.
We remark that in this system the magnetization M = E /B. 14 We can derive an analytic expression for the magnetization which is valid for N φ ≫ 1.
In this limit g(N, M B ) = g(M B ) for all M B contributing importantly to the partition function. Then the grand partition function factors into a boson part which describes all neutral excitations of the system and a part which describes the charged excitations:
. The boson excitations represent charge density oscillations at the edge of the dot 16, 17 . The sum over particle numbers can be performed using the Poisson summation formula with the result
Except at very low temperatures the first term inside square brackets will dominate. An 7 elementary calculation then leads to the following expression for the magnetization:
This expression for the magnetization agrees well with the numerical results shown in Fig.[2] and Fig.[3] . 
When correlations which favor particular densities are taken into account the ground state for fixed N will be well-approximated by the finite N Laughlin wavefunctions over finite ranges of magnetic field strength when the average filling factor is near 1/m. We expect that the results shown in Fig.[3] will apply for realistic interactions when the average filling factor is near 1/3. Experimentally determined values 2 of the curvature of the parabolic potentials give values of γ/k B in excess of 0.1K so that the effects shown in Fig.[2] and Fig.[3] should be visible at accessible temperatures. Similar mesoscopic oscillations occur in all thermodynamic properties 19 of the quantum dots and presumably in all physical
properties. For example we may expect that the conductance of the dot, which is more easily measured than thermodynamic properties of the dot, is closely related 20 to the particle number fluctuations in the dot.
The oscillations shown in Fig.[3] reflect a fundamental property of fractional Hall states.
Near ν = 1/3 the properties of the system in contact with a particle reservoir have contributions which are periodic in N φ with period three. These oscillations express the fact that on average one electron is added to the system for each three additional flux quanta.
Hence they can be observed only when the field dependence is studied at fixed chemical potential rather than fixed particle number. The quantized Hall conductance is proportional to the charge added to the system per flux quantum in the thermodynamic limit, e.g., e/3 for ν = 1/3. To obtain this result using an effective theory of non-interacting fermions 21 would require the fermions to have a charge e/ √ 3. Such a theory would would give mesoscopic oscillations with an incorrect period. South Wales where part of this work was completed.
